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Some definitions of fractional derivatives have been generalized by using a set of new difference sequence spaces of fractional order \[[@CR3]\]. Application of fractional derivatives becomes more apparent in diffusion processes, modeling mechanical systems, and many other fields.
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$b^{r,s}_{c}(\nabla^{(\alpha)})$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$b^{r,s}_{\infty }(\nabla^{(\alpha)})$\end{document}$ can be redefined by $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} b^{r,s}_{0}\bigl(\nabla^{(\alpha)}\bigr)= \bigl(b^{r,s}_{0}\bigr)_{\nabla^{(\alpha)}},\qquad b ^{r,s}_{c}\bigl(\nabla^{(\alpha)}\bigr)= \bigl(b^{r,s}_{c}\bigr)_{\nabla^{(\alpha)}},\qquad b ^{r,s}_{\infty }\bigl(\nabla^{(\alpha)}\bigr)= \bigl(b^{r,s}_{\infty }\bigr)_{ \nabla^{(\alpha)}}. \end{aligned}$$ \end{document}$$

The sequence spaces $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$b^{r,s}_{0}(\nabla^{(\alpha)})$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$b^{r,s}_{c}( \nabla^{(\alpha)})$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$b^{r,s}_{\infty }(\nabla^{(\alpha)})$\end{document}$ include some particular cases in certain cases of *s*, *r*, and *α*. (i)For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha =0$\end{document}$, these sequence spaces generalize the spaces $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$b^{r,s}_{0} $\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$b^{r,s}_{c} $\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$b^{r,s}_{\infty }$\end{document}$ defined by Bişgin \[[@CR11], [@CR12]\].(ii)For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$s+r=1$\end{document}$, these sequence spaces generalize the spaces $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$e^{r}_{0}(\nabla^{(\alpha)})$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$e^{r}_{c}(\nabla^{(\alpha)})$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$e^{r}_{\infty }(\nabla^{(\alpha)})$\end{document}$ defined by Kadak and Baliarsingh \[[@CR18]\].(iii)For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha =m\in \mathbb{N}$\end{document}$, these sequence spaces generalize the spaces $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$b^{r,s}_{0}(\nabla^{(m)})$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$b^{r,s}_{c}( \nabla^{(m)})$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$b^{r,s}_{\infty }(\nabla^{(m)})$\end{document}$ defined by Meng and Song \[[@CR23]\].(iv)For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$s+r=1$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha =m\in \mathbb{N}$\end{document}$, these sequence spaces generalize the spaces $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$e^{r}_{0}(\nabla^{(m)}) $\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$e^{r}_{c}( \nabla^{(m)})$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$e^{r}_{\infty }(\nabla^{(m)}) $\end{document}$ defined by Polat and Başar \[[@CR26]\]. Define the sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$y=(y_{n})$\end{document}$ by the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$B^{r,s}(\nabla^{(\alpha)})$\end{document}$-transform of a sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x=(x_{k})$\end{document}$, that is, $$\begin{matrix}
y_{n} & = & \left\lbrack B^{r,s}\left( \nabla^{(\alpha)} \right)(x_{k}) \right\rbrack_{n} \\
 & = & {\frac{1}{{(s + r)}^{n}}\sum\limits_{k = 0}^{n}\sum\limits_{i = k}^{n}{( - 1)}^{i - k}\begin{pmatrix}
n \\
i \\
\end{pmatrix}\frac{\Gamma(\alpha + 1)}{(i - k)!\Gamma(\alpha - i + k + 1)}s^{n - i}r^{i}x_{k}} \\
\end{matrix}$$ for each $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n\in \mathbb{N}$\end{document}$.

Theorem 2.1 {#FPar1}
-----------

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$Z\in \{b^{r,s}_{0}, b^{r,s}_{c}, b^{r,s}_{\infty }\}$\end{document}$. *Then* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$Z(\nabla^{(\alpha)})$\end{document}$ *are* *BK*-*spaces with the norm* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\| x \|_{Z(\nabla^{(\alpha)})}=\| \nabla^{(\alpha)} (x_{k}) \|_{Z}$\end{document}$.

Proof {#FPar2}
-----

Theorem [2.1](#FPar1){ref-type="sec"} of Bişgin \[[@CR11], [@CR12]\] and Theorem 4.3.12 of Wilansky \[[@CR29]\] imply that the spaces $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$Z(\nabla^{(\alpha)})$\end{document}$ are *BK*-spaces. □

Theorem 2.2 {#FPar3}
-----------

*The inclusion* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$b^{r,s}_{0}(\nabla^{(\alpha)})\subseteq b^{r,s}_{c}( \nabla^{(\alpha)})\subseteq b^{r,s}_{\infty }(\nabla^{(\alpha)})$\end{document}$ *is strict*.

Proof {#FPar4}
-----

Proof follows from Lemma 2.3 of Et and Nuray \[[@CR17]\]. □

Theorem 2.3 {#FPar5}
-----------

*The inclusions* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$e_{0}^{r}(\nabla^{(\alpha)})\subseteq b^{r,s}_{0}( \nabla^{(\alpha)})$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$e_{c}^{r}(\nabla^{(\alpha)})\subseteq b^{r,s} _{c}(\nabla^{(\alpha)})$\end{document}$, *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$e_{\infty }^{r}(\nabla^{(\alpha)}) \subseteq b^{r,s}_{\infty }(\nabla^{(\alpha)})$\end{document}$ *are strict*.

Proof {#FPar6}
-----

We only give the proof of the inclusion $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$e_{0}^{r}(\nabla^{(\alpha)}) \subseteq b^{r,s}_{0}(\nabla^{(\alpha)})$\end{document}$. The others can be proved similarly.

It is clear that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$e_{0}^{r}(\nabla^{(\alpha)})\subseteq b^{r,s}_{0}( \nabla^{(\alpha)})$\end{document}$. Further, to show that this inclusion is strict, let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0< r<1$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$s=4$\end{document}$ and define the sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x=(x_{k})$\end{document}$ by $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} x_{k}=\sum_{j=0}^{k}(-1)^{k-j} \frac{\Gamma (-\alpha +1)}{(k-j)!\Gamma (-\alpha -k+j+1)}\biggl(-\frac{3}{r}\biggr)^{j} \end{aligned}$$ \end{document}$$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$k\in \mathbb{N}$\end{document}$. We have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$[E^{r}(\nabla^{(\alpha)})( x_{k})]_{n}=((-2-r)^{n}) \notin c_{0}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$[B^{r,s}(\nabla^{(\alpha)})( x_{k})]_{n}=(( \frac{1}{4+r})^{n})\in c_{0}$\end{document}$. Therefore, the inclusion $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$e_{0}^{r}( \nabla^{(\alpha)})\subseteq b^{r,s}_{0}(\nabla^{(\alpha)})$\end{document}$ is strict. □

Theorem 2.4 {#FPar7}
-----------

*The spaces* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$b^{r,s}_{0}(\nabla^{(\alpha)})$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$b^{r,s}_{c}( \nabla^{(\alpha)})$\end{document}$, *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$b^{r,s}_{\infty }(\nabla^{(\alpha)})$\end{document}$ *are linearly isomorphic to the spaces* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$c_{0}$\end{document}$, *c*, *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\ell_{\infty }$\end{document}$, *respectively*.

Proof {#FPar8}
-----

We prove the theorem only for the space $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$b^{r,s}_{0}(\nabla^{(\alpha)})$\end{document}$. To prove $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$b^{r,s}_{0}(\nabla^{(\alpha)})\cong c_{0}$\end{document}$, we will show the existence of a linear bijection between the spaces $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$b^{r,s}_{0}(\nabla^{(\alpha)})$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$c_{0}$\end{document}$.

Let us denote the transformation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$T:b^{r,s}_{0}(\nabla^{(\alpha)}) \rightarrow c_{0}$\end{document}$ by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$T(x)=B^{r,s}(\nabla^{(\alpha)})( x_{k})$\end{document}$. The linearity of *T* is clear, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x=0$\end{document}$ whenever $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$T(x)=0$\end{document}$. Hence *T* is injective.

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$y=(y_{n})\in c_{0} $\end{document}$ and define the sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x=(x_{k})$\end{document}$ by $$x_{k} = \sum\limits_{i = 0}^{k}{(s + r)}^{i}\sum\limits_{j = i}^{k}{( - 1)}^{k - j}\begin{pmatrix}
j \\
i \\
\end{pmatrix}\frac{\Gamma( - \alpha + 1)}{(k - j)!\Gamma( - \alpha - k + j + 1)}r^{- j}{( - s)}^{j - i}y_{i}$$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$k\in \mathbb{N}$\end{document}$. Then we have $$\lim\limits_{n\rightarrow\infty}\left\lbrack B^{r,s}\left( \nabla^{(\alpha)} \right)(x_{k}) \right\rbrack_{n} = \lim\limits_{n\rightarrow\infty}\frac{1}{{(s + r)}^{n}}\sum\limits_{k = 0}^{n}\begin{pmatrix}
n \\
k \\
\end{pmatrix}s^{n - k}r^{k}\left( \nabla^{(\alpha)} \right)(x_{k}) = \lim\limits_{n\rightarrow\infty}y_{n} = 0,$$ which implies that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\in b^{r,s}_{0}(\nabla^{(\alpha)} )$\end{document}$. Therefore, we obtain that *T* is surjective and norm preserving. This completes the proof. □

We shall construct the Schauder bases for the sequence spaces $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$b^{r,s}_{0}(\nabla^{(\alpha)})$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$b^{r,s}_{c}(\nabla^{(\alpha)})$\end{document}$. Because the isomorphism *T* between $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$b^{r,s}_{0}(\nabla^{(\alpha)})$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$c_{0}$\end{document}$ (or between $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$b^{r,s}_{c}(\nabla^{(\alpha)})$\end{document}$ and *c*) is onto, the inverse image of the basis of the space $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$c_{0}$\end{document}$ (or *c*) is the basis of the space $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$b^{r,s}_{0}(\nabla^{(\alpha)})$\end{document}$ (or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$b^{r,s}_{c}(\nabla^{(\alpha)})$\end{document}$). For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$k\in \mathbb{N}$\end{document}$, define the sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$g^{(k)}(r,s)=\{g^{(k)}_{i}(r,s)\}_{i \in \mathbb{N}}$\end{document}$ by $$g_{i}^{(k)}(r,s) = \begin{cases}
0 & {\text{if~}0 \leq i < k,} \\
{{(s + r)}^{k}\sum_{j = k}^{i}{( - 1)}^{i - j}\begin{pmatrix}
j \\
k \\
\end{pmatrix}\frac{\Gamma( - \alpha + 1)}{(i - j)!\Gamma( - \alpha - i + j + 1)}r^{- j}{( - s)}^{j - k}} & {\text{if~}i \geq k.} \\
\end{cases}$$

Theorem 2.5 {#FPar9}
-----------

*The sequence* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(g^{(k)}(r,s))_{k\in \mathbb{N}}$\end{document}$ *is the Schauder basis for the space* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$b_{0}^{r,s}(\nabla^{(\alpha)})$\end{document}$ *has a unique representation by* $$\documentclass[12pt]{minimal}
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Theorem 2.6 {#FPar10}
-----------

*Define the sequence* $\documentclass[12pt]{minimal}
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                \begin{document}$g=(g_{n})$\end{document}$ *by* $$g_{n} = \sum\limits_{k = 0}^{n}{(s + r)}^{k}\sum\limits_{j = k}^{n}{( - 1)}^{n - j}\begin{pmatrix}
j \\
k \\
\end{pmatrix}\frac{\Gamma( - \alpha + 1)}{(n - j)!\Gamma( - \alpha - n + j + 1)}r^{- j}{( - s)}^{j - k}$$ *for* $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} x=lg+\sum_{k} \bigl[\lambda_{k}(r,s)-l \bigr] g^{(k)}(r,s). \end{aligned}$$ \end{document}$$

The *α*-, *β*-, *γ*-, and continuous duals {#Sec3}
==========================================

In this section, we determine the *α*-, *β*-, *γ*-, and continuous duals of the spaces $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$b_{0}^{r,s}(\nabla^{(\alpha)})$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$b_{\infty }^{r,s}( \nabla^{(\alpha)})$\end{document}$.

For two sequence spaces *X* and *Y*, the set $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} M(X,Y)=\bigl\{ u=(u_{k}):ux=(u_{k}x_{k})\in Y \text{ for all } x=(x_{k}) \in X\bigr\} . \end{aligned}$$ \end{document}$$ Let *bs* and *cs* denote the sequence spaces of all bounded and convergent series, respectively. In particular, $$\documentclass[12pt]{minimal}
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                \begin{document}$X^{*}$\end{document}$ is called the continuous dual of the space *X*.

Let us give the following properties needed in Lemma [3.1](#FPar11){ref-type="sec"}: $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \sup_{K\in \Gamma } \sum_{n} \biggl\vert \sum_{k\in K} a_{n,k} \biggr\vert < \infty, \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \sup_{n\in \mathbb{N}} \sum_{k} \vert a_{n,k} \vert < \infty, \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \lim_{n\rightarrow \infty }a_{n,k}=a_{k}\quad \text{for } k \in \mathbb{N}, \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
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Lemma 3.1 {#FPar11}
---------

(\[[@CR28]\])
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                \begin{document}$A\in (c_{0}:\ell_{\infty })=(c:\ell_{\infty })=(\ell_{ \infty }:\ell_{\infty })$\end{document}$ *if and only if* ([3.2](#Equ7){ref-type=""}) *holds*.

Theorem 3.2 {#FPar12}
-----------
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                \begin{document}$[b_{0}^{r,s}(\nabla^{(\alpha)})]^{\alpha }=[b_{c}^{r,s}( \nabla^{(\alpha)})]^{\alpha }=[b_{\infty }^{r,s}(\nabla^{(\alpha)})]^{ \alpha }=U^{r,s}_{1}$\end{document}$, *where* $$\begin{matrix}
U_{1}^{r,s} & = & \left\{ u = (u_{k}):\sup\limits_{K \in \Gamma}\sum\limits_{k} \middle| \sum\limits_{i \in K}{(s + r)}^{i}\sum\limits_{j = i}^{k}{( - 1)}^{k - j}\begin{pmatrix}
j \\
i \\
\end{pmatrix} \right. \\
 & & {\left. \times \frac{\Gamma( - \alpha + 1)}{(k - j)!\Gamma( - \alpha - k + j + 1)}r^{- j}{( - s)}^{j - i}u_{k} \middle| < \infty \right\}.} \\
\end{matrix}$$

Proof {#FPar13}
-----

We immediately derive by ([2.3](#Equ3){ref-type=""}) that $$u_{k}x_{k} = \sum\limits_{i = 0}^{k}{(s + r)}^{i}\sum\limits_{j = i}^{k}{( - 1)}^{k - j}\begin{pmatrix}
j \\
i \\
\end{pmatrix}\frac{\Gamma( - \alpha + 1)}{(k - j)!\Gamma( - \alpha - k + j + 1)}r^{- j}{( - s)}^{j - i}u_{k}y_{i} = \left( G^{r,s}y \right)_{k}$$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$k\in \mathbb{N}$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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{{(s + r)}^{i}\sum_{j = i}^{k}{( - 1)}^{k - j}\begin{pmatrix}
j \\
i \\
\end{pmatrix}\frac{\Gamma( - \alpha + 1)}{(k - j)!\Gamma( - \alpha - k + j + 1)}r^{- j}{( - s)}^{j - i}u_{k}} & {\text{if~}0 \leq i \leq k,} \\
0 & {\text{if~}i > k.} \\
\end{cases}$$ Therefore $\documentclass[12pt]{minimal}
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                \begin{document}$u=(u_{k})\in [b_{0}^{r,s}(\nabla^{(\alpha)})]^{ \alpha }=[b_{c}^{r,s}(\nabla^{(\alpha)})]^{\alpha } =[b_{\infty } ^{r,s}(\nabla^{(\alpha)})]^{\alpha }$\end{document}$ if and only if $$\left. \sup\limits_{K \in \Gamma}\sum\limits_{k} \middle| \sum\limits_{i \in K}{(s + r)}^{i}\sum\limits_{j = i}^{k}{( - 1)}^{k - j}\begin{pmatrix}
j \\
i \\
\end{pmatrix}\frac{\Gamma( - \alpha + 1)}{(k - j)!\Gamma( - \alpha - k + j + 1)}r^{- j}{( - s)}^{j - i}u_{k} \middle| < \infty, \right.$$ which yields that $\documentclass[12pt]{minimal}
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                \begin{document}$[b_{0}^{r,s}(\nabla^{(\alpha)})]^{\alpha }=[b_{c} ^{r,s}(\nabla^{(\alpha)})]^{\alpha } =[b_{\infty }^{r,s}( \nabla^{(\alpha)})]^{\alpha }=U^{r,s}_{1}$\end{document}$. □

To determine the *β*- and *γ*-duals of the spaces $\documentclass[12pt]{minimal}
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                \begin{document}$b_{\infty }^{r,s}(\nabla^{(\alpha)})$\end{document}$, we define the following sets: $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& U_{2}^{r,s}=\biggl\{ u=(u_{k}): \sup _{n\in \mathbb{N}}\sum_{k} \vert u_{n,k} \vert < \infty \biggr\} , \\& U_{3}^{r,s}=\Bigl\{ u=(u_{k}): \lim _{n\rightarrow \infty } u_{n,k} \text{ exists for each } k \in \mathbb{N}\Bigr\} , \\& U_{4}^{r,s}=\biggl\{ u=(u_{k}): \lim _{n\rightarrow \infty }\sum_{k} \vert u _{n,k} \vert =\sum_{k} \Bigl\vert \lim _{n\rightarrow \infty }u_{n,k} \Bigr\vert \biggr\} , \end{aligned}$$ \end{document}$$ and $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& U_{5}^{r,s}=\biggl\{ u=(u_{k}): \lim _{n\rightarrow \infty }\sum_{k}u_{n,k} \text{ exists}\biggr\} , \end{aligned}$$ \end{document}$$ where $$u_{n,k} = {(s + r)}^{k}\sum\limits_{i = k}^{n}\sum\limits_{j = k}^{i}{( - 1)}^{i - j}\begin{pmatrix}
j \\
k \\
\end{pmatrix}\frac{\Gamma( - \alpha + 1)}{(i - j)!\Gamma( - \alpha - i + j + 1)}r^{- j}{( - s)}^{j - k}u_{i}.$$

Theorem 3.3 {#FPar14}
-----------
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                \begin{document}$[b_{0}^{r,s}(\nabla^{(\alpha)})]^{\gamma }=[b_{c}^{r,s}( \nabla^{(\alpha)})]^{\gamma }=[b_{\infty }^{r,s}(\nabla^{(\alpha)})]^{ \gamma }= U_{2}^{r,s}$\end{document}$.

Proof {#FPar15}
-----

We consider the equality $$\begin{matrix}
{\sum\limits_{k = 0}^{n}u_{k}x_{k}} & = & {\sum\limits_{k = 0}^{n}u_{k}\left\lbrack \sum\limits_{i = 0}^{k}{(s + r)}^{i}\sum\limits_{j = i}^{k}{( - 1)}^{k - j}\begin{pmatrix}
j \\
i \\
\end{pmatrix}\frac{\Gamma( - \alpha + 1)}{(k - j)!\Gamma( - \alpha - k + j + 1)}r^{- j}{( - s)}^{j - i}y_{i} \right\rbrack} \\
 & = & {\sum\limits_{k = 0}^{n}\left\lbrack {(s + r)}^{k}\sum\limits_{i = k}^{n}\sum\limits_{j = k}^{i}{( - 1)}^{i - j}\begin{pmatrix}
j \\
k \\
\end{pmatrix}\frac{\Gamma( - \alpha + 1)}{(i - j)!\Gamma( - \alpha - i + j + 1)}r^{- j}{( - s)}^{j - k}u_{i} \right\rbrack y_{k}} \\
 & = & {\left( U^{r,s}y \right)_{n},} \\
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{{(s + r)}^{k}\sum_{i = k}^{n}\sum_{j = k}^{i}{( - 1)}^{i - j}\begin{pmatrix}
j \\
k \\
\end{pmatrix}\frac{\Gamma( - \alpha + 1)}{(i - j)!\Gamma( - \alpha - i + j + 1)}r^{- j}{( - s)}^{j - k}u_{i}} & {\text{if~}{0 \leq k \leq n},} \\
0 & {\text{if~}{k > n}.} \\
\end{cases}$$ Therefore $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\in b_{0}^{r,s}( \nabla^{(\alpha)})$\end{document}$ if and only if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$U^{r,s}y\in c$\end{document}$ whenever $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$y\in c_{0}$\end{document}$. This implies that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$u=(u_{k})\in [b_{0}^{r,s}( \nabla^{(\alpha)})]^{ \beta }$\end{document}$ if and only if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$U^{r,s}\in (c_{0}:c)$\end{document}$. We obtain by part (ii) of Lemma [3.1](#FPar11){ref-type="sec"} that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$[b_{0}^{r,s}(\nabla^{( \alpha)})]^{ \beta }=U_{2}^{r,s}\cap U_{3}^{r,s}$\end{document}$. The proof can be completed in a similar way by parts (iii), (iv), (v) instead of Part (ii) of Lemma [3.1](#FPar11){ref-type="sec"}, so we omit the details. □

Theorem 3.4 {#FPar16}
-----------

*The spaces* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$[b_{0}^{r,s}(\nabla^{(\alpha)})]^{*}$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$[b_{c}^{r,s}( \nabla^{(\alpha)})]^{*}$\end{document}$ *are equivalent to* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\ell_{1}$\end{document}$.

Proof {#FPar17}
-----

Proof follows from Theorem 3.6 of Bişgin \[[@CR11]\] and the fact that if *Z* is a Banach space, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$[Z(\nabla^{(\alpha)})]^{*}$\end{document}$ is equivalent to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$X^{*}$\end{document}$ \[[@CR17]\]. □

Conclusion {#Sec4}
==========

In this paper, we have discussed some results obtained from the matrix domain of the binomial matrix and the difference matrix of fractional order. Our main aim is to generalize the results on the matrix domain of the Euler matrix. It is immediate that our results reduce to the sequence spaces defined in \[[@CR11], [@CR12], [@CR18], [@CR23], [@CR25], [@CR26]\].
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